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NOTE ON THE MODIFIED g-BERNSTEIN POLYNOMIALS 



Taekyun Kim, Lee-Chae Jang, and Heungsu Yi 



^~>' Abstract. In the present paper, we propose the modified g-Bernstein polynomials of 



degree n, which are different g-Bernstein polynomials of Phillips(see [4]). From these 
the modified gr-Bernstein polynomials of degree n, we derive some interesting recurrence 
formulae for the modified g-Bernstein polynomials. 



§1. Introduction 

Let C[0, 1] denote the set of continuous function on [0, 1]. In [7], Bernstein intro- 
duced the following well-known linear positive operators. 



> 



x) 



o, 

O . for / G C[0,1]. Bn{f : x) is called the Bernstein operator for /. The Bernstein 

polynomial of degree n is defined by 



5fc,n(x)= , x'=(l-x^-^ (2) 



for k,n E Z+, where x E [0, 1] and (^) = " fc! ~ ■ ^^ ^^ ^^^^ ^° show that 

So,i(x) = 1 - X, Bi^i(x) = X, 
Bo,2ix) = (1 - x)2, Bi,2{x) = 2a;(l - x),B2,2{x) = x^ , 
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Bo,3{x) = (1 - x)3, Bi^six) = 3x(l - x)2, B2,3{x) = 3x2(1 - x), 

B3,3ix) =a;^••• . 

Many researchers have studied the Bernstein polynomials in the area of approxi- 
mation theory(see[l-8]). For k G Z_(_, it is easy to show that 

\ n=0 / n=0 

_x^^ (l-x)-(n + l)---(n + fc) ^,^,_^,^ (l-xr-^a)r 
k\ ^ (n + A;)! ^ n! 

and B].^q{x) = Bk,i{x) = ■■■ = B^^k-iix) = 0. Thus, we obtain the generating 
function for Bk,nix) as follows: 

where /c G Z_|_ and x G [0, 1]. From (3), we can derive 

{l)x^{l-x)''-'' ifn>k 



Bk nix) = , 

'^ 10 ifn< A;, 

for n,k ^ Z_|_. 

Let q be regarded as a real number with < g < 1 and let us define the g-number 

as follows: 

1 — q^ 

[x]g = [x: q]= ^_ , (see [1-7] ). 

Note that limg_5.i[x]q = x. In [4], Phillips introduced the g-extension of Bernstein 
polynomials. Recently, Simsek and Acikgoz have also stdied the g-extension of Bern- 
stein type polynomials ([5]). Their g-Bernstein type polynomials are given by 

^ ^ ^ ^^ 771,1 = J=0 ^ / \ / 

(-ly qi+:)(^-^) S{m, k){xlnq)'^ 



ml 



where S{m, k) are the second kind Stirling number. 
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In this paper we consider the (/-extension of the generating function of Bernstein 
polynomials (see Eq.(3)). From these q'-extension of generating function for the Bern- 
stein polynomials, we propose the modified g-Bernstein polynomials of degree n, which 
are different <7-Bernstein polynomials of Phillips. By using the properties of the mod- 
ified (/-Bernstein polynomials, we can obtain some interesting recurrence formulae for 
the modified g-Bernstein polynomials of degree n. 

§2. The modified g-Bernstein polynomials 

For g G M with < g < 1, let us consider the g-extension of Eq.(3) as follows: 



^r(«.^)= ,., '"' = ^E 



kl k\ ^-^ n! 

n=0 



-t' 



'^(nTfc)! 



-Eu)MJ[i--]r'^' (4) 

n=k ^ ^ 

where k,n E Z_|_ and x E [0, 1]. Note that limg_j,i Fg \t, x) = F{t, x). By (4), we can 
define the modified g-Bernstein polynomials as follows: 

fk [l—x]gt\ Ik °° j.n 



n- 



--k 



where k,n E Z_|_ and x E [0, 1]. By comparing the coefficients on the both sides of (4) 
and (5), we obtain the following theorem. 

Theorem 1. For k,n E Z_|_, x E [0, 1], we have 



U zj n < k. 



For < A; < 72, we have 

[1 - x]qBk,n-l{x, q) + [x]qBk-l,n-lix, q) 



n 

^][x\qi^ -Jq 7 



[x]'i[i-xr-' 



and the derivative of the modified q'-Bernstein polynomials of degree n are also poly- 
nomials of degree n — 1. That is, 

-—Bk,nix,q) 
ax 

"^ k[xf,-'[l - xir^i^g- + Q [x]J(n -k)[l- x]--^-^ (-^) q'- 
Therefore, we obtain the following recurrence formulae 



n (q''Bk-i,n-i{x, q) - q^ ''Bk,n-iix, q)) -. 

' a — 1 



Theorem 2 (Recurrence formulae for Bk,n{x,q)). For k,n E Z_(_,x G [0,1], we 

have 



[1 - x]qBk,n-l{x, q) + [x]qBk-l,n-l{x, q) = ( , ] ^ 



x]''^[l-x]^-'' = Bk,n{x,q), 

and 

d In Q 

— Bk,n{x, q) = n {q''Bk-i,n-i{x, q) - q^~''Bk,n-i{x, q)) ——. 

Let / be a continuous function on [0, 1]. Then the modified g-Bernstein operator 
is defined by 

B^,,{f:x) = J2f(-)Bj,n{^,q), (6) 

i=o ^'^^ 

where < x < l,n G Z_|_. By Theorem 1 and (6), we see that 



k=o V / V / 



[xfji-x]: 






= [x]q{l - [1 - xUx],{q - l)y 
where f{x) — x. Thus, we have 

BnAf ■■ ^) = /(N.) (1 + (1 - q)[xUi - x]X~' ■ (7) 



From Theorem 1, we note that 



xr,-' 



k^O k=0 



5:E.,.(x,,) = 5:r [x]j[i 



1— xf^l \n — k 

q) 

k=0 

{l + [xUl-x],iq-l)r = Bn,,{l:x) 
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The modified q'-Bernstein polynomials are symmetric polynomials. That is, by the 
definition of the modified ^-Bernstein polynomials of degree n, we see that 



Tl \ r ntr. ^n-k 



Bk,nix,q)= ( ,jMj[l-a:]g 



Thus, we have 



Sn-.,n(l - X, g) = (^^ ^ ^) [1 - X]--'^[X]'^^ = Q [Xf^[l - xj^'^ 

Therefore, we obtain the following theorem. 

Theorem 3. For k,n & Z_(_, x G [0, 1], we have 

Bn-k,n{l -x,q) = Bk,n{x, q) , 
and 

n 

Y, Bk,n{x, q) = {l + M,[l - x],(l - q)r = 5n,,(l : x). 

k=0 

For t G C, x G [0, 1], and n G Z_|_, we consider 

^ I (M.^)\ ([i-xLt) dt 

where C is a circle around the origin and integration is in the positive direction. By 
the definition of the modified g-Bernstein polynomials and Laurent series, we see that 

/ (Mg^)\ fl-.]„t dt 

^Y^ I Bk,n{x,q)t'^ dt ^ Bk,n{x,q) ^^^. ,^^. 

From (9) and (10), we note that 

'^^ / {[Aq'tY \l-x] t dt ^ , . ,^^. 

rf) '^ f, e^^ "'J''^ — — = Bknix,q). (11) 



Also, we see that 



(M<it)\ \i-xU dt 



y I t^—^+'^dt^-^-^ 

r^n Jc ml 



k- n 

kl [ {n-k)l ' ' 
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From (9) and (12), we have 



By (11) and (13), we easily see that 



2m J c k\ t'^+i \ki' "^' 



B,A^,q)=(l][x]l[l-x]--\ (14) 



From (14), we derive 

f J Bk,n{x, q) + ( j Bk+i,n{x, q) 

(^-1)' r^ifcM ^m-k , {n-iy. ,.k+u, ^m-k-i 



mi - x]r' + TJ7z-^7^-^[^r'[i - < 



kl{n-k-l)l' "^^ "^ kl{n-k-l)l 

= [1 - x]qBk,n-iix, q) + [x\qBk^n-i{x, q) 
= Bk,n-i{x, q) + [x]q{l - q^~'')Bk,n-i{x, q) 
= Bk^n-i{x,q) + (1 -q)[x\q[l - x]qBk,n-i{x,q). 

Therefore, we can write the modified g-Bernstein polynomials as a linear combination 
of polynomials of higher order as follows: 

Theorem 4. For k G Z_(_, n G N, and x G [0, 1], we have 

I J Bk,n{x, q) + i j Bk+i,n{x, q) 

= Bk,n-i{x,q) + (1 -q)[x]q[l -x]qBk,n-i{x,q). 



By (14), we easily see that 

/ It] _ \ 

Bk-i,nix,q) 



n — k + 1\ f [x]q 



k J \[l-x]q^ 

n-k+l\f [x]q ^ I ,0 , fc_i infc + l 



[1-x] 



;)(,!,) Mr [1-] 



q 



"' ^x]j[i-x]r' = (?]Mj[i-x]r' 



Thus, we obtain the following corollary. 



Corollary 5. For n,k eN, and x G [0, 1], we have 



From the definition of the modified g-Bernstein polynomials and binomial theorem, 
we note that 

BkA^, q) = Q Mj[l - x]--'' = Q [x],^l - q'--[x],r-'^ 

k 



= (I)m«e(";')(-i)V"-="i< 

Therefore, we obtain the following theorem. 
Theorem 6. For k,n E Z_|_, and x G [0, 1], we have 



It is possible to write each power basis element of [x]'l, in the linear combination 
of the modified g-Bernstein polynomials by using the degree evaluation formulae and 
induction method in mathematics. From the property of the modified (/-Bernstein 
polynomials, we easily see that 



fc=0 A:=0 ^ ^ 



^ir" 



fc=0 ^ ^ 










n / 

fc=l ^ 


-1\ 

-V 


x]J[l-; 




-k 


n-1 , 


-1\ 

k ) 


^l^Mi 


— X 


n-l-k 


X qy X q 
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+ [1 


-^],r 


-1 





and 



fc=l V2; k=l ^ ' \ / 



Ar''K 



k 



-e(::2)hj[i-i; 

fc=0 ^ ^ 

Continuing this process, we obtain 

n /k 



J2 prBk,n{^,q) = [x]l{[x], + [l-x] 



for i G N. Therefore we obtain the foUowing theorem. 
Theorem 7. For n E Z+, i eN and x G [0, 1], we have 

J2 P^B,,r.{x,q) = [x]l. 



([l-x], + [x],)— ^f-^(-) 



The BernouUi polynomials of order k{EN) are defined as 



t ' 


k 


/ t ^ 


X • • • X 


( ^ ' 


k 
] e« 

1 


n=0 


e*-l. 


U*-ly 


U*-i. 






fc— times 









(15) 



and Bn = Bn (0) are called the n-th Bernoulli numbers of order k. It is well known 
that the second kind Stirling numbers are defined as 

t -\\k °° j-n 



(e*-l)'= ^^, ,,t 



5^5(n,fc)-, (16) 



/c! -^-^ n! 

n=0 
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for k eN. From (5), we note that 



([a:y)Mi-M_N5(e^-l)^ / t \\m_.w 



m=0 ■/ \n=0 

Z=0,m+n=Z \n=0 ^ ' J 



By (5) and (17), we have 



^l 



n=0 



and Bk,o{x,q) = Bk,i{x,q) = ■ ■■ = Bk,k-i{x,q) = 0, where B^ \[1 - x]q) are called 
the n-th Bernoulli polynomials of order k. 

Let A be the shift difference operator with Af{x) = f{x + 1) — f{x). By iterative 
method, we easily see that 



A-/(0) = X](^)(-1)-V(A:), 
fc=0 ^ ^ 

for n G N. From (16) and (18), we note that 

--n 1=0 ^ ^ 

•n— n I 7 — n \ / 



(18) 



n=0 k 1=0 



nl 



E 



k\ n\ 

n=0 

By comparing the coefficients on the both sides, we have 



A;! 
for n,k E Z+. Thus, we note that 



Sin,k) = —^, (19) 



/;\ Aknl-n 

BkA^,<l) = [^]'Y.BnH[l-x],)l )^r^. (20) 



n=0 
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Let {Eh){x) = h{x + l) be the shift operator. Then the g-difference operator is defined 
by 

A- = lVl-o\E-q^I), (see [2]), 

where / is an identity operator. For / G C[0, 1] and n G N, we have 

n 



I — n V / o 



A:=0 ^ ^ <1 

where (^) is Gaussian binomial coefficient. 

Let Fq{t) be the generating function of the g-extension of the second kind stirUng 
number as foUows: 



0<j<k 



t 



= J2S{n,k:q)-, (see [2]). (21) 

^ — ^ n! 

n=0 

From (21), we have 

Sin,k:q) = '-^J2(-^y<l^'^Qj'^-^r, 

= A^O'", (22) 

[k]g\ ^ ' ^ ' 

where [/i^](j! = [A;]g[A; — l]q ■ • ■ [2]q[l]g. It is not difficult to show that 

W^ = E?^^^ (t) lkW-S{n,k: q), (see [2]), (23) 

Thus, we have 

Therefore, we obtain the following theorem. 

Theorem 8. For n G Z_(_, i G N and x G [0, 1], we have 

n (k 



(!) 

{[l-x]. 



where (^) 



[x]g[x-l]g---[3: — fc+l]g 
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